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'` wlg

.1dfkxn aiaq ziwte` zaaezqnd dliqn dpezp
uitw xeyw dfkxnn .dreaw Ω zizieef zexidna
l` .r0 lwyn ieeiy jxe`e k uitw reaw lra
mivle`n uitwde dqnd .m dqn dxeyw uitwd

.cala dliqnd jxe`l repl

?m dqnd ly lwynd ieeiy zcewp idn (`)

?lwyn ieeiy zcewp didzy jk Ω lr i`pzd edn (a)

?zaaezqnd zkxrna Fr(r) il`icxd zegekd mekq deey dnl (b)

?lwynd ieeiy zcewp aiaq zephw zecepzl ω zexiczd didz dn (c)

:oexzt
:epid zegekd mekq .`

Fr(r) = mΩ2r − k(r − r0)

.(ilbetixhpv lke uitwd gkn akxen df mekq)
:okle Fr = 0 yxec lwyn ieeiy

req =
r0

1−mΩ2/k
=

r0

1− Ω2/ω0

.uitwd ly zirahd zexiczd `idy ω2
0 ≡ k/m epniq xy`k

`ed Ω lr i`pzd .a
Ω2 < ω2

0

.dvegd dtr dqnde r > 0 lkl F > 0 zxg`
:'` sirqn xekfk .b

Fr(r) = mΩ2r − k(r − r0)

:mixicbn req lwyn ieeiy 'wp xear .c

keff = − dF

dr

∣∣∣∣
r=req

:i"r dpezp zephwd zecepzd zexicz f`e

ω2 =
keff

m

:opc dxwna

keff = − dF

dr

∣∣∣∣
r=req

= k −mΩ2

`id zephwd zecepzd zexicz okle

ω2 =
keff

m
=

k

m− Ω2
= ω2

0 − Ω2
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.2-g` dqn zetitv lwnl .M dqne L jxe`a lwn oezp
mivitwl .eizeevwa mivitw ipy lr ielz lwnd .dci
-ip .hehxya d`xenk ,k2 = 2k1-e k1 ly uitw ireaw
-wd ,epiidc) aexiwa iwte` x`yp lwnd ik gipdl oz
.(mkxe`l qgia c`n hrn mikx`zne migiyw mivit

?dqnd fkxn mewin edn (`)

?y1/y2 mivitwd zekx`zd oia qgid edn (a)

zcigil dqn zetitv mr lwn xear dl`yd lr xefgp
:dreaw dpi`y jxe`

ρ =
M

L

(
1 + α

(2x− L)
L

)
, 0 < α < 1

.hend ly il`nyd dvwdn wgxnd `ed x xy`k

?dqnd fkxn mewin edn (b)

?y1/y2 mivitwd zekx`zd oia qgid edn (c)

:oexzt
.xcm = L/2 :dixhniqn .`

f` ,uitwd zegek ipy z` F1, F2 -a onqp m` .a
:jkitle F1 = F2 dixhniqn

y1

y2
=

F1/k1

F2/k2
=

F1

F2
· k2

k1
= 1 · 2 = 2

:`lnd aeyigd z` jexrl yie miwtqn dixhniqd ilewiy oi` dzr .b

xcm =
1
M

∫
xdm =

1
M

∫ L

0
xρ(x)dx =

1
L

∫ L

0
x

(
1 + α

2x− L

L

)
dx

=
1
L

[
1
2

(1− α) x2 +
2α

3L
x3

]L

0
= L

[
1
2
(1− α) +

2α

3

]
= L

[
1
2

+
1
6
α

]
ik `ceep ok enk

M =
∫

ρdx =
∫ L

0
dx

M

L

(
1 + α

2x− L

L

)
= M

.xcm aeyiga deeqen ote`a epgpdy itk
:dqnd fkxn aiaq mihpnen oeeiy miiwzn .c

F1xcm = N1 = N2 = F2(L− xcm).

:`ed mivitwd zekx`zd oia qgid ,okl

y1

y2
=

F1

F2
· k2

k1
=

N1/xcm

N2/(L− xcm)
· k2

k1
=

L− xcm

xcm
· 2 =

1
2 −

1
6α

1
2 + 1

6α
· 2 =

1− α/3
1 + α/3

· 2
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ybn xaegn uitwd l` .k uitw reaw lra uitw oezp .3
jk gk milirtn .m dqn zgpen ybnd lr .M dqn lra
lirtdl miwiqtn) mixxgyne ,∆y -a ueekzn uitwdy

.zeine`zta (gkd z`

z` aefrz m dqndy jk ,∆y zeveekzdd lr i`pzd edn
?ybnd

:oexzt
ilnxepd gkd xy`k ybnd z` aefrl lkez m dqnd

:qt`zi
N = 0

dhn itlk dvi`n `id okle mg dlwyn `ed m lr lretd cigid gkd N = 0 xy`k
.(ziyteg dlitp) g dve`za

,okl .dhn itlk g dve`za dvi`n M dqnd ,zewzpzdd rbx edfy oeeik

Mg = Ma = Mg + Fspring + (N = 0)

daifrd zra ik wiqdl ozip o`kn

Fspring = 0

z` segcl yi ,df jxe`l ribdl lkei uitwdy ick .ietxd ekxe`a `vnp uitwd ,epiidc
.y0 ietxd avndn yeq lwynd ieeiy avn ueveekzdl deeyd dcina (yinitial -l) uitwd
milina .y0 = yeq + ∆y oial yinitial = yeq − ∆y oia didz uitwd zrepzy iptn z`f

,zexg`

∆y = yeq − yinitial = y0 − yeq =
(M + m)g

k
.
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.4zexaegn eizeevwa . L jxe` lra dqn xqg hen oezp
-aq ziwte` aaezqn hend ik oezp .m zeqn izy
,oezp rbxa .ω0 zeieef zexidna,efkxna xaerd xiv ai
-pe zerbet ,x̂ xivn 45◦ ly zieefa `vnp hend xiv ea
-xagnd mirhwd rvn`a hend l` zeqn izy zewac

.(xeiva d`xenk) eizeevw l` hend fkxn z` mi

,ŷ xiv oeeika drp m dqn zlra ,dpey`xd dqnd
3m dqn zlra dipyd dqnd eli`e v0 ly zexidna

.xeiva d`xenk ,2v0 ly zexidna ,−ŷ oeeika drp

xg`l zkxrnd ly ω zeieefd zexidnd deey dnl
?zeqnd zribt

:oexzt
.xivd aiaq izieef rpz xeniy miiwzn zkxrna

:epid (ẑ) xivd oeeika hend ly izlgzdd izieefd rpzdd aikx

Li,rod =
∑

mi(ri × vi)z =
∑

miω0r
2
i = ω02m

(
L

2

)2

= ω0
1
2
mL2.

:`ed zeqnd ly izlgzdd rpzd

Li,rod =
∑

mi(ri × vi)z = −3m · 2v0
L

4
√

2
−mv0

L

4
√

2
= −7

√
2

8
mv0L.

ziqgi ilily izieef rpz mr ze`a zeqnde zeid qepin oniq riten ik al miyl yi
:`ed iteqd izieefd rpzd .cos(45◦) riten ,aaeqn hende zeid ,ok enk .hend zrepzl

Lf = ωf

∑
mir

2
i = ωf

[
2M

(
L

2

)2

+ 3M

(
L

2

)2

+ M

(
L

4

)2
]

= ωf
3
4
ML2.

:yxec izieef rpz xeniy

ω0
1
2
ML2 − 7

√
2

8
Mv0L = ωf

3
4
ML2

:okle

ωf =
4
3

[
1
2
ω0 −

7
√

2
8

v0

L

]
=

2
3
ω0 −

7
√

2
6

v0

L
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.rwxwd ipt lrn h daeba dgepna z`vnp m dqn .5

.m2-e m1 miwlg ipyl zwlgzn m ,uevit zeawra
`id wlg lk ly zizlgzdd zexidnd ik oezp ok enk

.E `id zllekd zihpiwd dibxp`de ,ziwte`

miwlgd mixaery miiwte`d miwgxnd x1, x2 eidi
.rwxwd lr mzlitpl cr

? x1/x2 qgid edn

:oexzt
:x xiv oeeika hxta ,ieew rpz xeniy miiwzn ,inipt gk `ed uevitdy oeeik

m1v1 = m2v2.

:miwlgd ipy xear ddf T dlitpd onf

1
2
gT 2 = h.

:`ed iwte`d wgxnd
x = vxT

:`ed miiwte`d miwgxnd qgi okle

x1

x2
=

vx,1T

vx,2T
=

m2

m1
.
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